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MATH 508: Introduction to Complex Variables and Apps

Spring’12 Quiz # 2 1
2 March 15

1. Make a good plot (in separate figures) of the following sets. Mark with continuous
lines the parts of their boundary (border) that are contained in the set and with
dashed lines those that are not. Mark relevant points in the graph.

(a) Plot the set D of those z such that 1 < |z| < 2 and −π
4
≤ Arg(z) ≤ π

4
.

(b) Plot the set of the points z2 where z ∈ D.

(c) Plot the set z1/2, where z ∈ D. (This last one is tricky, because we have two
square roots for each number).

2. What is log e1+ı? (Don’t rush your answer. There’s more than one logarithm for
each number.)

3. Consider all the points |z| = e, the points Logz and log z. Plot where they are.
(Again, each point has many logarithms but only one Logarithm.)

4. We have a rational function

R(z) =
z

(1− z2)(1 + z2)3
.

What is the form of its partial fraction decomposition? Do NOT compute the
coefficients, just show the form of the decomposition.

5. Make a plot (including arrows for directions) of the points z = 1 + e−ıt where
−π < t < π. A computation we did for one homework assignment shows that for
those z, Re1

z
= 1

2
. Can you repeat the computation? Finally, make a plot of 1

z
for

z = 1 + e−ıt, with an arrow showing the direction as t increases.
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1. (5 points) Show that |ez| ≤ 1 if Re z ≤ 0.

2. (5 points) Find all the values of (−16)1/4. Plot them.

3. (10 points) Describe the range of the function f(z) = z2 for z in the first quadrant,
Re z ≥ 0, Im z ≥ 0.

4. (5 points) Find limz→∞(8z3 + 5z + 2). (Hint. Write the function in the following
form z3(8 + 5z−2 + 2z−3) and apply basic properties of limits.)

5. (10 points) Find the derivative of f(z) = 6ı(z3 − 1)4(z2 + ız)100.

6. (5 points) Determine the points at which the function
ız3 + 2z

z2 + 1
is not analytic.

7. (10 points) Show that if f is analytic in a disk D and Re f(x) is constant in D, then
f(z) must be constant in D. (Hint. Use the Cauchy–Riemann equations1)

1Cauchy–Riemann equations. If we write f(x+ ıy) = u(x, y) + ıv(x, y) and f is analytic, then

∂u

∂x
=

∂v

∂y
and

∂u

∂y
= −∂v

∂x
.

Also

f ′(x+ ıy) =
∂u

∂x
+ ı

∂v

∂x
.
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1. (5 points) Write
1− ı

3
in polar form, that is, write

1− ı
3

= r eıθ.

2. (10 points) Show that ez = ez for all z. (Hint. Start by writing z = a+ bı and look
at both sides of the equality you are trying to prove.)

3. (5 points) Show that ez+2πı = ez for all z.

4. (10 points) Find all the values of ı1/4. (Since you are at it, plot them.)

5. (5 points) Compute

∣∣∣∣ 1 + 2ı

−2− ı

∣∣∣∣ (Hint. You do not need to divide two numbers in

order to know what the modulus of their quotient is.)

6. (5 points) Let z = 2 + ı. Plot the points z, −z, z, −z and 1/z. (Make a single plot
and mark any kind of alignment or geometric figure that shows up.)

7. (10 points) The zunction t 7→ 2 eıt, 0 ≤ t ≤ 2π, describes a circle of radius 2,
traversed in the counterclowise direction and starting at the point z = 2. Describe
the curve z(t) = 2eıt + ı for 0 ≤ t ≤ 2π. Plot it.

1



NAME:

MATH 508: Introduction to Complex Variables and Apps

Spring’12 Quiz # 0 (not graded) February 7

Unless asked to do otherwise, you can consider that you are done with a computation
involving complex numbers once you have arrived at an expression

a+ b ı

with a and b real numbers.

1. Do these sums and subtractions:

(1 + 3ı) + (2− 4ı) =

(2 + ı) + (2− ı) =

(4 + ı) + 2ı =

(5− 2ı)− (3 + ı) =

2. Now these multiplications

(1 + 3ı)(2 + ı) =

(1− 3ı)(2− 5ı) =

(2 + 3ı)(2 + 3ı) =

(3 + ı)2 =

(4 + 4ı)2
?
= 16 (1 + ı)2 =

1



3. Compute

(1 + 1
2
ı)2 =

(1 + 1
2
ı)3 =

4. Show that for every a and b

(a+ bı)(a− bı) = a2 + b2

5. Do these divisions

1

2 + ı
=

3− ı
2− 3ı

=

2 + 3ı

2ı
=

1
2

+ 3ı

1 + 1
2
ı

=

6. In the complex plane, draw the location of 1, ı,−1 and −ı.

7. In the complex plane, draw the location of the numbers 3 + 2ı, 1 + 2ı, and 1− 2ı.

8. In the complex plane, draw the location of 1 + 1
2
ı, (1 + 1

2
ı)2 and (1 + 1

2
ı)3.

9. Draw a circle and, starting on the x−axis (the positive real axis of the complex
plane), mark the following angles:

π

2

π

4
π

5

4
π

π

6

Looking at the picture, say what the cosine and the sine of these angles are (some
of them require some thinking).
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