Problems for Chapter 1
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Do not share these lists of problems outside the scope of the course. Problems listed
as (R1.X) correspond to Rudin, Chapter 1, Problem X.

1. Let p # q, p,q € Q. Show that there are infinitely many rational numbers between
them. (Hint. Add the midpoints.)

2. Consider the sets:

A={peQ:p>0, p’<3}, B={peQ:p>0, p°>3}.
Show that {p € Q : p > 0} = AU B with disjoint union. Show that A and B are
not-empty. Consider now the following algorithm: p; = 1 and ¢; = 2;
forn>1 r,=3(pn+a),

ifr, € A, then p,1 =7n, Qi1 = Qu,

ifr, ¢ A, then p,i1 =pn, Gui1 = Tn.
Show that p,, € A for all n, ¢, € B for all n and

1

o1 n.

‘pn - Qn| =

3. Let I be an ordered field. Show that
0<zx<y = 2" <y" VneN.

(Hint. Show first that if z > 0, then zz < yz.)

4. (Based on (R1.5).) Let A be a non-empty lower bounded set of an ordered field
with the least upper bound property. Show that the set

—A={-z:2€ A}

is upper bounded and
inf A = —sup(—A).

5. (R1.2) Prove that there is no rational number p such that p* = 12.

6. (R1.8) Prove that no order can be defined in the complex field that makes it an
ordered field.

7. (R1.6) [This problem is more challenging than the other ones.]



