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Let X be a normed space (not complete). Consider the vector space ¢ of Cauchy
sequences in X and its subspace ¢y of sequences that converge to zero. Consider finally
the space

Z:=clco={x+co : x Ec}.

Note that this is the space of cosets defined by the equivalence relation (x,,)n>1 = (Yn)n>1
when ||z, — y,|| — 0, that is, we identify Cauchy sequences whose difference converges to
zero. We then define

Ix + coll == lim {l,]].

n—oo
Z is a normed space. Some simple facts:
(a) If (x,)n>1 is Cauchy, then, since
llzall = lzmll] < [l2n = zmll,
it follows that lim,, ||z, || is well defined.

(b) If (x)n>1 and (Y, )n>1 are Cauchy sequences such that (x, —yn)n>1 € ¢o, then, using
the inequalities

[znll < llen = ynll + llynll, Myl < 2 = yall + [lzall;

it follows that lim, ||z,| = lim, ||y,||. This proves that the definition of | - || :
Z — [0,00) is correct, that is, the definition does not depend on the particular
representative of the coset.

(c) If [|x + co| = 0, then lim, ||z, || = 0 and therefore x € ¢, or, equivalently x + ¢y =
0 + ¢, which is the zero element of the quotien space Z.

(d) Since A(x + cp) = Ax + ¢y, it is easy to prove that
MG+ co)ll = lin Al = ] lim o]l = A+l VA€ K.
(e) The triangle inequality for || - || follows from the fact that (x + ¢p) + (y + o) =
(x +y) + ¢o and the triangle inequality for the norm of X.

We have thus proved that Z is a normed space.
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The canonical inclusion of X into Z. Consider now the operator ¢z : X — Z given
by iz = (z,z,...,x,...) + ¢, that is, to every x € X we associate the (coset containing
the) constant sequence where all the elements are equal to x. Note that

ezl = [l]-

This means that ¢ is an isometry and therefore injective.

i(X) is dense in Z. Fix x € ¢. Let € > 0 and take N such that
|zp —zml|l <e  Vn,m > N.

Then
|lzp, —azn||<e  Vn>N,

and from there
lim ||z, —an| <e.
n—o0

(Note that the limit does actually exist. Why?) Therefore

Ix + co — iy <e.

This proves that the set ¢(X) = {éx : © € X} is dense in Z.

Z is a Banach space. To keep notation more or less clean, we will use superscripts
for elements of a sequence of sequences. Let thus (xx)n>1 be a sequence of elements of
c such that (xY + cp)y>1 is a Cauchy sequence in Z. Since xV € ¢, there exists ny such
that

o —apll < % nym >y,

We then choose yy = xﬁ[N and construct a sequence y := (yny)n>1. Let us first show that

y € c. For arbitrary € > 0 there exists Vg such that
I —x" tel e YN, M2 N> L
We momentarily fix N, M > Ny and choose n. such that

|z — M| < 2 n > ne.
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:= max{n., ny,ny}, we have the bound
lyn = yall < llyw — 2 || + [l = 23" || + [l =yl < 5 + 2 + 57 < de.

We have thus shown that for all ¢ > 0 there exists Ny such that |yy — yu|| < 4e if
N, M > N. Let us finally prove that (x" + ¢y)y>1 converges to y + co. Given € > 0 we
first choose n,. such that

lyn — yml|| < € Vn,m > n.



and then pick Ny > max{1/e,n.}. Then for N > N,

lzn —ynll = llzg —en | S F <3 <e Vn2ny
Fix momentarily N > Ny. Then
lzn = yall < [l =yl + lyw = wull <26 Y = max{ny,n.}

and therefore
I — v+ coll = Tim [Jo — ] < 2¢.

In summary, for all € > 0 there exists Ny such that
Ix¥ +co) = (y +eo)l <26 YN > NN,
that is, limy (x¥ + o) =y + ¢ in Z.
Final words. It can be proved that the space Z is essentially unique. If there is another
space with the same properties (Banach and such that there is an isometry from X to

the space in such a way that the image of X is dense), then this space is isometrically
isomorphic to Z. The space Z is called the completion of X.



