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Let X be a normed space (not complete). Consider the vector space c of Cauchy
sequences in X and its subspace c0 of sequences that converge to zero. Consider finally
the space

Z := c/c0 = {x + c0 : x ∈ c}.
Note that this is the space of cosets defined by the equivalence relation (xn)n≥1 ≡ (yn)n≥1
when ‖xn− yn‖ → 0, that is, we identify Cauchy sequences whose difference converges to
zero. We then define

|||x + c0||| := lim
n→∞

‖xn‖.

Z is a normed space. Some simple facts:

(a) If (xn)n≥1 is Cauchy, then, since

|‖xn‖ − ‖xm‖| ≤ ‖xn − xm‖,

it follows that limn ‖xn‖ is well defined.

(b) If (xn)n≥1 and (yn)n≥1 are Cauchy sequences such that (xn−yn)n≥1 ∈ c0, then, using
the inequalities

‖xn‖ ≤ ‖xn − yn‖+ ‖yn‖, ‖yn‖ ≤ ‖xn − yn‖+ ‖xn‖,

it follows that limn ‖xn‖ = limn ‖yn‖. This proves that the definition of ||| · ||| :
Z → [0,∞) is correct, that is, the definition does not depend on the particular
representative of the coset.

(c) If |||x + c0||| = 0, then limn ‖xn‖ = 0 and therefore x ∈ c0, or, equivalently x + c0 =
0 + c0, which is the zero element of the quotien space Z.

(d) Since λ(x + c0) = λx + c0, it is easy to prove that

|||λ(x + c0)||| = lim
n→∞

|λxn‖ = |λ| lim
n→∞

‖xn‖ = |λ| |||x + c0||| ∀λ ∈ K.

(e) The triangle inequality for ||| · ||| follows from the fact that (x + c0) + (y + c0) =
(x + y) + c0 and the triangle inequality for the norm of X.

We have thus proved that Z is a normed space.
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The canonical inclusion of X into Z. Consider now the operator i : X → Z given
by ix = (x, x, . . . , x, . . .) + c0, that is, to every x ∈ X we associate the (coset containing
the) constant sequence where all the elements are equal to x. Note that

|||ix||| = ‖x‖.

This means that i is an isometry and therefore injective.

i(X) is dense in Z. Fix x ∈ c. Let ε > 0 and take N such that

‖xn − xm‖ < ε ∀n,m ≥ N.

Then
‖xn − xN‖ < ε ∀n ≥ N,

and from there
lim
n→∞

‖xn − xN‖ ≤ ε.

(Note that the limit does actually exist. Why?) Therefore

|||x + c0 − ixN ||| ≤ ε.

This proves that the set i(X) = {ix : x ∈ X} is dense in Z.

Z is a Banach space. To keep notation more or less clean, we will use superscripts
for elements of a sequence of sequences. Let thus (xN)N≥1 be a sequence of elements of
c such that (xN + c0)N≥1 is a Cauchy sequence in Z. Since xN ∈ c, there exists nN such
that

‖xNn − xNm‖ ≤ 1
N

n,m ≥ nN .

We then choose yN := xNnN
and construct a sequence y := (yN)N≥1. Let us first show that

y ∈ c. For arbitrary ε > 0 there exists N0 such that

|||xN − xM + c0||| ≤ ε ∀N,M ≥ N0 ≥ 1
ε
.

We momentarily fix N,M ≥ N0 and choose nε such that

‖xNn − xMn ‖ ≤ 2ε n ≥ nε.

(Note that we can do this because |||xN − xM + c0||| = limn ‖xNn − xMn ‖ ≤ ε. Taking
n := max{nε, nN , nM}, we have the bound

‖yN − yM‖ ≤ ‖yN − xNn ‖+ ‖xNn − xMn ‖+ ‖xMn − yM‖ ≤ 1
N

+ 2ε+ 1
M
≤ 4ε.

We have thus shown that for all ε > 0 there exists N0 such that ‖yN − yM‖ ≤ 4ε if
N,M ≥ N0. Let us finally prove that (xN + c0)N≥1 converges to y + c0. Given ε > 0 we
first choose nε such that

‖yn − ym‖ < ε ∀n,m ≥ nε
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and then pick N0 ≥ max{1/ε, nε}. Then for N ≥ N0

‖xNn − yN‖ = ‖xNn − xNnN
‖ ≤ 1

N
≤ 1

N0
≤ ε ∀n ≥ nN .

Fix momentarily N ≥ N0. Then

‖xNn − yn‖ ≤ ‖xNn − yN‖+ ‖yN − yn‖ ≤ 2ε ∀n ≥ max{nN , nε}

and therefore
|||xN − y + c0||| = lim

n→∞
‖xNN − yn‖ ≤ 2ε.

In summary, for all ε > 0 there exists N0 such that

|||(xN + c0)− (y + c0)||| ≤ 2ε ∀N ≥ N0,

that is, limN(xN + c0) = y + c0 in Z.

Final words. It can be proved that the space Z is essentially unique. If there is another
space with the same properties (Banach and such that there is an isometry from X to
the space in such a way that the image of X is dense), then this space is isometrically
isomorphic to Z. The space Z is called the completion of X.
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