MATH 806: Functional analysis

Fall 2015 Midterm exam (in-class part) October 19

1. (10 points) Let (¢n)n>1 be an orthonormal sequence in an infinite dimensional Hilbert
space.

(a) State Bessel’s inequality.

Solution. If H is a Hilbert space and (¢, )n>1 is an orthonormal sequence,

then
o0
Dol <l VreH,
n=1
(where (-,-) and || - || are the inner product in H and the associated norm).

(b) Define what we mean when we say that (¢, ),>1 is a complete orthonormal sequence.
Solution.  One possible definition: the set cannot be extended to a larger
orthonormal set. Also

(x,¢n) =0 VYn > = x=0.
. . ot i i

(c) What happens to Bessel’s inequality when (¢,)n>1 is a complete orthonormal se

quence?

Solution. It becomes an equality for every x. (That is another equivalent
definition of complete orthonormal set.)

2. (10 points) Prove that in an inner product space H

|z|| = sup (@)l Vo € H.

otyerr |1yl

Solution. The result needs to be proved for x # 0, since it is straightforward for
x =0. Then

@a)l o el el

< = [l=[l,
2l ozyern lyl ~ oryen Iyl

=]l =

by the Cauchy-Schwarz inequality.

3. (10 points) Let (z,,)n>1 be a sequence in a normed space X. Prove that if x,, — =, then
Ty — .

Solution. If z,, — x and ¢ : X — K is continuous, then ¢(x,) — ¢(z). Since
this is true for all ¢ € X*, it follows (by definition) that z, — =.

4. (10 points) Let X be a Banach space and let the sequence (z,)p>1 satisfy x, — z and
Ty — y. Show that x = y.



Solution. If x, — z and x,, — y, then
d(zyn) — ¢(x) and d(xyn) — d(y) Vo € X*.

Since the limit is unique in K, it follows that ¢9z) = ¢(y) for all ¢ € X*. By the
separation theorem, if x # y, then there exists ¢ € X* such that ¢(x) # ¢(y).
Therefore x = y and the proof is finished.

5. (10 points) State Minkowski’s inequality for sequences.

Solution. For every couple of sequences of complex numbers

o 1/2 o 1/2 o 1/2
(Z |an +bn|p> < (Z |an\P> + (Z \bn|p> .
n=1 n=1 n=1

6. (10 points) Consider the space of finite sequences
f={(zn)n>1 : 2o €C, x,=0 Vn>N, forsome N}.
Show that f is dense in ¢P for all p € [1,00) but f is not dense in £°°.

Solution. If z = (z,,)p>1 € 7, with 1 < p < oo, then

[e.e]

li P =0.
m ) feal? =0

n=N-+1

Let now yy := (1,...,2n,0,0,...) € f. Then

oo
lyx —al% = > faal” >0,
n=N+1

which proves that we can find a sequence of elements of f converging to x for every
x € (P, Therefore f is dense in /P. When p = oo, we can take x = (1,1,...,1,...).
If y € f, then y, =0 for all n > N for some N and

ly — @l = sup lyn — x| > Y |za| = 1.
n n>N-+1

This proves that x cannot be approximated by any finite sequence.

7. (10 points) Starting on the inequality (do not prove it), valid for ¢ > p > 1,

N /g N 1/p
(Z |xn|q> < (Z |an> Vri,...,zy €C, VN,
n=1 n=1

show that the inclusion operator i : /¢ — ¢4 given by iz := x, is bounded. What is the
norm of this operator?



Solution. If x = (zy,)p>1 € (P, then

(ilwnl‘I) N < (i |xn|p> " < (imw) " VN,

n=1 n=1 n=1
and therefore ||z|[za < ||z|lgr. In particular, this proves that the operator i is well
defined, it is bounded (it is clearly linear) and satisfies ||i|| < 1. However, if x =
(1,0,...,0,...), then ||x|z» = 1 = ||z||ga, which proves that ||i]| = 1.
8. (10 points) Let a := (apn)n>1 € £>° and consider the operator M, : {>° — (> given by
(Myx)p :=apz, VYn>1.

Show that M, € B(£>;£°) and || M,|| = ||a]j¢e.

Solution. Linearity is simple to show: for any two sequences x,y € £°° and
a?/B 6 Kv

(Ma(()él‘ + By))n = an(a'rn + Byn) = QlnpTn + Banyn = O‘(Max)n + B(May)n

Also
lanzn| < llallee||z]lee VR

and taking the supremum in the left-hand-side, it follows that || Mgz < ||a||gee ||2||goc -
This proves boundedness of M, and |[M,| < [la¢~. Finally, take z = (1,1,...)
and note that M,z = a, while ||z|[s~ = 1. Therefore

[Mall = [ Max|e = laf|e.

9. (10 points) Let K € L>®(Q x ), where  is an open bounded subset of R%. Show that
the operator

(P1@) = [ Ka) f0)dy
is bounded from L(Q) to LP(Q2) for all p € [1, ).

Solution. For almost every x and v,
every x:

K(x,y)| < M, and therefore for almost

(Pf)@)| < /Q K (2, )] £ (y)ldy < M /Q F@)ldy = MLl ).
If p < 0o, then
L IPn@IPas < A7l g o),
where |Q] is the measure of Q2. Therefore
1P fllney < MIQIP N fl gy VF € Q).

This proves that P is bounded from L'(Q) to LP(2) and ||P|| < M|Q|'/P. (We can
put M = [[K|[ 1 (ax)-) If p= 00, the first inequality we have proved shows that

[P fllree) < Ml fllz1 VfeL'(Q).
This proves that P is bounded from L1(2) to L>°(Q) and || P|| < M.



10. (10 points) Let X be a normed space, 0 # xg € X, and ¢ € R™. Show that there exists
A : X — R” linear and bounded satisfying Azg = c.

Solution. Using the separation theorem (or any version of the extension theo-
rems), we can find ¢ € X* such that ¢(xg) # 0. Therefore

_ o)
Az = (0)

satisfies the requirements. It is clearly linear and bounded, since

1 *
<Z>(flfo)q5 €X

and the map R — R" given by ¢ — tc is linear (and bounded). Finally Azg = c.



MATH 806: Functional analysis

Fall 2015 Midterm exam (take home part) Due October 26

1. (5 points) Let X and Y be Banach spaces and let (A;,),>1 be a sequence in B(X;Y'). Show
that if there exists x such that |A,z| — oo, then sup,, ||A,|| = oc.

Solution. If ||A,| < C for all n, then ||[Ayz|| < C||z|| for all z and, therefore,
||Anz|| cannot diverge.

2. (5 points) Let X and Y be Banach spaces. Show that if A € B(X;Y), then
Ty — T — Az, — Ax.

Solution. Given ¢ € Y™, the map ¢A : X — K is linear and bounded, that is,
oA € X*. Therefore

o(Azy) = (pA)(zn) = (PA)(7) = ¢(Az) VYT,
which means that Az,, — Ax.

3. (b points) Let X and Y be normed spaces. Let A : X — Y be linear. Assume that we
have defined boundedness as follows: A is bounded when the image of B(0;1) := {x € X :
|z|| < 1} is bounded in Y. Show that A is bounded if and only if the image by A of any
bounded set of X is bounded in Y.

Solution.  One implication is straightforward, since B(0;1) is bounded. Let
U C X be bounded. Then U C B(0; R) for R > 0 large enough. Since

|Az|| < C  Vx e B(0;1),

then
IA(k2) <C ¥z € BO:R)

and, by linearity
IIAz]| < RC Vz € B(0; R).

This implies that A(U) C By (0;C' R).

4. The set of invertible operators is open. (4 x 5 points) Let X and Y be Banach
spaces.

(a) The Neumann series. Show that if A € B(X; X) satisfies ||A]| < 1, then the series
2 A
n=0

converges. (Here A” = I is the identity operator.) Give an upper bound for the norm
of the sum of the series.



Solution. Note that ||A™]| < ||A||™. (This can be easily proved by induction.)
Therefore, for N > M,

N N
D AT D lIAlm
n=M+1 n=M+1

Since the following geometric series converges

Z” AT

given the fact that ||A|| < 1, then the estimate above shows that the sequence
of partial sums Sy := SN A" is Cauchy in B(X;X). However, B(X; X) is
Banach (since X is Banach) and this implies convergence of the series

Sy — 8= i/\”.
n=0

With the same arguments we can prove that

”SNH =

< Z A" < Z A" = \AH VN,

and, since Sy — S, then [|Sy|| — ||S]| < 1/(1 —||A]]).
(b) Show that

=3 Am
n=0
Solution. Let Sy be asin (a). Then
(I —A)Sy =1—ANTL
Since ||(I — A)(Sy — 9)|| < [T — A|l||Sny — S||, it follows from the above that
(I-MNSy =T —-ANS (IT-ANSy=I-AN*1 1T

(note that ||[ANF1| < ||A||VF1), which proves that (I — A)S = I. A similar
argument shows that S(I — A) = 1.
(c) Let A € B(X;Y) be invertible. Show that if B € B(X;Y) satisfies
1
1A=t
then A — B is invertible. (Hint. A — B = A(I — A™'B).)
Solution. By (b), using that [|[A~'B| < ||[A7'|||B| < 1, it follows that
I — A7'B is invertible. Since A is invertible, A(I — A7'B) = A — B is also
invertible.

(d) Use (c) to show that the set

1Bl <

{A € B(X;Y) : A is invertible}

is open in B(X;Y).



Solution.  If A is invertible, by (c), so is A — B for every B such that
|B|| < 1/|]|[A7Y|. Therefore the ball B(A;ﬁ) is contained in the set of
invertible operators. This proves that the set of invertible operators is open.

5. Extension of a densely defined operator. (5 x 5 points) Let X and Y be Banach
spaces and let A : D(A) — Y be a linear operator defined on a subspace D(A) C X
satisfying:

DA =X IAz|ly < C|lz|lx Vo € D(A).

(a) Given z € X and a sequence (zp)p>1 in D(A) such that x = lim,, ,,, show that the
limit
lim Az,
n
exists.

Solution. From the inequality
[A(zn — zm)lly < Cllzn — zm| x,

it is clear that the sequence (Azy),>1 is Cauchy, and therefore convergent, in
Y.

(b) Show that if lim, z, = « = lim, =, where (z,),>1 and (z}),>1 are sequences in

D(A), then
lim Az,, = lim Ax/,.
n n
(Hint. Consider the sequence (x1, 25, x3, ), ....).)

Solution. For all € > 0, there exists NV such that
|z —xn|| < e lz—a)| <e V¥n>N.

Ths proves that the combined sequence

P
x, if nis even,

~ {xn if n is odd,

Ty =
is convergent to x. Therefore lim Ax,, exists. However, this sequence con-
tains the subsequences (Axg,—1),>1 and (Az), ),>1, so both converge to the
same limit. Since these subsequences are also respective subsequences of the
convergent sequences (Azy,)p>1 and (Az),),>1, the limits of the latter have to
coincide.

We then define Az := lim,, Az,,.

(c) Show that Az = Ax for z € D(A).

Solution. If x € D(A), we can take the sequence with elements x,, := x for
all n. Therefore Az = lim Az, = lim Az = Az.

(d) Show that
|Az|ly < Cllz|lx Vze X.



Solution. If (x,,),>1 is a sequence of elements of D(A) converging to z € X,
then ||z, || x — ||z||x and ||Az, ||y — ||Az|ly. Taking the limit in the inequality

[Azn[ly < Cllzallx Vn,

the result follows.

(e) Show that if B € B(X;Y') satisfies
Bx = Az Vze D(A),

then B = A.

Solution. Let (z,),>1 be a sequence in D(A) converging to . Then, since
A and B are linear and bounded Az = lim Ax,, and Bz = lim Bxz,,. However,
since z,, € D(A) and A and B extend A, then Az, = Az, = Bz, and the
result is proved.

6. The space C*°(R). (20 points) Consider the space X := C*(R) of infinitely differentiable
functions of a real variable. Define a metric in X with the following property: f, — f if
and only if

f,(Lj) — f () uniformly on compact sets of R, for all 5 > 0.

(Prove that the metric you define has actually that property.) Show that X is a Fréchet
space when endowed with such a metric. (Note that there are many metrics providing the
same concept of convergence in X.)

Solution. [Sketch only]
(a) Construction. Take Iy := [—k, k] and the seminorms

: (¢ _ ON v oerr s,
| fle : Igggggf!f (z)] T?Qg”f | 2o (1)

This is a separating sequence of seminorms: to show it, note that if |f|r = 0, then
f=0in I and Ul = R. We then build the metric

This construction is abstract and always leads to a metric space where convergence
of sequence is equivalent to

lim|f, — fle =0 V&

(b) Characterization of convergence. It is clear that uniform convergence on compact

sets of (fr(f))nzl for all £ implies that for given k, | f, — f|x — 0. (This follows from
the fact that only k 4 1 derivatives are involved here and we have restricted our
attention to the interval I. Let now M be a compact set in R and let £ be a
fixed integer. We then take k such that ¢ < k and M C [—k,k] = I. Since

|frn— fle — 0, then AN O uniformly in I, and, therefore, in M.



(c) 'Fréchetness.’ Let (f,)n>1 be Cauchy in X. The general argument that works
for all constructions of metric spaces from sequences of seminorms shows that this
implies that for all € > 0 and k > 0, there exists N such that

\fn— fmlk<e  ¥Yn,m>N.
In a first instance, we only focus in the function without derivatives.

an_meL‘x’(Ik) < ‘fn_fm’k<5 Vn,m > N.

This proves that f,, converges uniformly to a continuous function in I. If we look
at the interval I, we prove that f,[7,,, converges uniformly to a continuous
function in I;y1. By induction, we have f,, — f uniformly in I} for all k, where the
limit does not depend on k. We can now repeat the same argument with all the
derivatives.

7. Diagonal operators in separable Hilbert spaces. (4 x 5 points) Let H be a complex
separable Hilbert space and let (¢;,),>1 be a Hilbert basis of H. Consider a sequence
A= (An)n>1 € £°° and the operator defined with the series

Ax = Z A (2, D) -
n=1

(a) Show that A is bounded and

[P/ PYVESE
Solution. We can easily estimate (the sum is orthogonal) for all M > N and
z € X:
M 2 M M
Do M@ dn)nl| = D Pl )P < M Yo Pl én)l.
n=N+1 n=N+1 n=N+1

Since, by Parseval’s identity,

N

>l o) = Jlal?

n=1

it follows that the partial sums Ayz = 2521 An(x, dn)n are Cauchy and,
therefore, convergent. We can then bound

N 2 N
IANz|® = | Anl@, én)dn|| =D [Aal’l(@6n)* < [Mz<llzl®> Yz, YN
n=1 n=1

and take the limit as N — oo, showing that ||[Az|| < [[A]|gee||z|| for all z. Since
A is linear (this is very easy to check), then A is bounded and [|A|| < ||A||¢e.

(b) Show that A is injective if and only if A\, # 0 for all n. (Hint. Compute ||Az|| and
study the kernel of A.)



Solution. If A\, =0, then A¢p,, = A\,¢, = 0 and A is not injective. Assume
now that A, # 0 for all n. If Az =0, then

3 Pl én)? =0,
n=0

which implies that (z,¢y) = 0 for all n. Since (¢y,)n,>1 is a Hilbert basis, it
follows that x = 0 and A is injective.

(c) Show that A is invertible if and only if there exists C' > 0 such that |A,| > C.
(Hint. For one implication, construct the inverse. For the other one, use the Banach
Isomorphism Theorem.)

Solution. If A is invertible, by the Banach Isomorphism Theorem, A lis
bounded. Therefore
|A~'z|| < D||z||  Vz € H.

Taking = = ¢, and recalling that A¢,, = A\, ¢y, it follows that

— < D Vn,
| An|

so the result follows with C' = 1/D. Assume now that |\,| > C > 0 for all n.
Then, the sequence pi,, := 1/\, is in £°° and the operator

Mz := Z ,U/n(ma ¢n)¢n
n=1

is well defined and bounded. Note that

(Ax,d)n) = )‘n(xvgbn) (Mx7¢n> = i(l‘ﬂﬁn) Vn, Vz.

This and the fact that z = ), (x, ¢n)dn prove that MAz = AMz = z, for all
x.

(d) Consider the sequence of operators defined with the partial sums

N
Anz = Z)\n(x,gbn)gbn, N >1.
n=1
Show that if A, — 0, then
|An — Al — 0.

Solution. Applying the first result of this series (question (a)) to the sequence
(0,...,0, AN+1, AN+2,.-.), it follows that

IAv =A< sup [Adl.
n>N-+1

However, if A\, — 0, the right-hand side of the above converges to zero.



